Abstract. In 1982, Tamaki Yano proposed a conjecture predicting the set of b-exponents of an irreducible plane curve singularity germ which is generic in its equisingularity class. In [1] we proved the conjecture for the case in which the germ has two Puiseux pairs and its algebraic monodromy has distinct eigenvalues. In this article we aim to study the Bernstein polynomial for any function with the hypotheses above. In particular the set of all common roots of those Bernstein polynomials is given. We provide also bounds for some analytic invariants of singularities and illustrate the computations in suitable examples.
Introduction
One of the main guide lines of Prof. H.B. Laufer in singularity theory, particularly concerning normal two dimensional analytic singularities (X, 0), has been which analytic invariants of (X, 0) depends on the topology, i.e., they are characterized by their link L (X,0) . The link has the same information as the decorated resolution graph Γ (X;0) see [20] . For instance Laufer questioned the following in [13] : What conditions does the existence of a hypersurface representative of (X, 0) put on a decorated dual graph Γ (X,0) ? The analytic properties of X depend on the analytic properties of the ramification locus of a projection. In this work, we study the behavior of some analytic (non-topological) invariants for germs of curves. The main goal of the paper is to consider germs of irreducible plane curve singularities with the same topology and describe exactly the set of common roots of their corresponding local Bernstein polynomials which are analytic invariants of their germs. , which satisfies in R f,s f s the following functional equation
The monic generator b f,0 (s) of the ideal of such polynomials B(s) is called the Bernstein polynomial (or b-function or Berstein-Sato polynomial) of f at 0. The same result holds if we replace O by the ring of polynomials in a characteristic zero field K with the obvious corrections, see e.g. [8, 10, Theorem 3.3] . This result was first obtained for f polynomial by Bernstein in [2] and in general by Björk [3] . One can prove that b f,0 (s) is divisible by s + 1, and we consider the reduced Bernstein polynomialb f,0 (s) := b f,0 (s) s + 1 .
In the case where f defines an isolated singularity, one can consider the Brieskorn lattice H ′′ 0 := Ω n /df ∧ dΩ n−2 and its saturatedH
. Malgrange [18] showed that the reduced Bernstein polynomialb f,0 (s) is the minimal polynomial of the endomorphism −∂ t t on the vector space F :=H ′′ 0 /∂ −1 tH ′′ 0 , whose dimension equals the Minor number µ(f, 0) of f at 0. The b-exponents {β 1 , . . . , β µ } are the roots of the characteristic polynomial of the endomorphism ∂ t t. Recall that exp(−2iπ∂ t t) can be identified with the algebraic monodromy of the Milnor fiber of f at the singular point.
Kashiwara [12] expressed these ideas with differential operators.
, where s defines an endomorphism of P (s)f s by multiplication. This morphism keeps invariantM := (s+1)M and defines a linear endomorphism of (Ω n ⊗ DM ) 0 which is naturally identified with F and under this identification −∂ t t becomes the endomorphism defined by the multiplication by s.
In [18] , Malgrange proved that the set R f,0 of roots of the Bernstein polynomial is contained in Q <0 . Moreover, Kashiwara [12] restricted the set of candidate roots. The number −α f,0 := max R f,0 is the opposite of the log canonical threshold of the singularity. Saito [21] proved that (2) R f,0 ⊂ [−n + α f,0 , −α f,0 ]. Now let f be an irreducible germ of plane curve. In 1982, Tamaki Yano [29] made a conjecture concerning the b-exponents. We state this conjecture in the case we are interested in, the case of two Puiseux pairs. Let CS n 2 ,q n 1 ,m := (n 1 n 2 , mn 2 , mn 2 +q) be the characteristic sequence of f , such that • 1 < n 1 < m, gcd(m, n 1 ) = 1;
• q > 0, n 2 > 1, gcd(q, n 2 ) = 1.
Recall that this means that f (x, y) = 0 has as root (say over x) a Puiseux expansion x = · · · + a 1 y m n 1 + · · · + a 2 y mn 2 +q n 1 n 2 + . . .
with exactly 2 characteristic monomials. Let (3) B 1 := α = m + n 1 + k mn 1 n 2 : 0 ≤ k < mn 1 n 2 , and n 2 mα, n 2 n 1 α / ∈ Z ; Yano's Conjecture ( [29] ). For almost all irreducible plane curve singularity germ f : (C 2 , 0) → (C, 0) with characteristic sequence (n 1 n 2 , mn 2 , mn 2 + q), the set B f of the b-exponents {β 1 , . . . , β µ } is B 1 ∪ B 2 .
In [1] Yano's conjecture was proved for the case (5) gcd(q, n 1 ) = 1 or gcd(q, m) = 1.
The above condition is equivalent to require that the algebraic monodromy of the irreducible germ has distinct eigenvalues. In this case, the µ b-exponents are all distinct and they coincide with the opposite of the roots of the reduced Bernstein polynomial (which turns out to be of degree µ).
There is another set which is important too, the set of the exponents of the monodromy (or spectral numbers, up to the shift by one, in the terminology of Varchenko [28] ). This notion was first introduced by Steenbrink [25] .
Let f : (C n , 0) −→ (C, 0) be a germ of a holomorphic function with isolated singularity. In [25] Steenbrink constructed a mixed Hodge structure on H n−1 (F f,0 , C).
where T u , T s are, respectively, the unipotent and semisimple factors of the Jordan decomposition of the monodromy h n−1 .
The set Spec(f ) of spectral numbers are µ rational numbers
which are defined by the following condition:
The set Spec(f ) of spectral numbers is symmetric, that is α i + α µ−(i−1) = n. It is known that this set is constant under µ-constant deformation of f , see [28] . M. Saito [23] gave a formula for Spec(f ) in the case of a germ of an irreducible plane curve singularity (cf. also Theorem 3.1 in [19] or section 2.2 in [24] ). In the case of characteristic sequence (n 1 n 2 , mn 2 , mn 2 + q), the set of spectral numbers less than 1 is the union of the sets
Let us denote by A ⊥ j := {2 − α | α ∈ A j }, i.e. the symmetric set of A j with respect to 1. Then
There is a closed relationship between spectral numbers and b-exponents. The following result summarizes some of them which can be found for instance in [11] or [22, Remark 3.2 iii)] for (1) Proposition 1. Let f be a germ of irreducible plane curve singularity. The spectral numbers Spec(f ) and the set B f of b-exponents of f satisfy the following conditions:
From now on, we will study germs having a fixed characteristic sequence CS n 2 ,q n 1 ,m satisfying (5). Our goal in this article is to show that one can compute the rational numbers that are roots of the Bernstein polynomial for any such germ. To do this we follow the same method as the one used in [7, 1] . To prove that a rational number is a root of the Bernstein polynomial of some function f , we prove that this number is a pole of some integral with a transcendental residue. We also offer algorithmic formulae for the computation of these residues and bounds for dimH ′′ 0 /H ′′ 0 . The two main results in this paper are the following ones. We split the sets B 1 and B 2 in terms of two semigroups: Γ, the one associated with CS n 2 ,q n 1 ,m (generated by n 2 n 1 , n 2 m, n 1 mn 2 + q) and Γ 1 , associated to the truncation to the first Puiseux pair (generated by m, n 1 ). Let
(which means that k in (3) is in Γ 1 ) and
(which means that k in (4) is in Γ 2 ). In Theorem 2.5 we prove that
where S µ is the set of all germs f with the topological type, of the characteristic sequence CS n 2 ,q n 1 ,m satisfying (5). In §3, we prove bounds for dimH ′′ 0 /H ′′ 0 for these germs. Let
and the second inequality is generically an equality. We end the article with several families of examples. In Theorem 4.2 it is proved that all polynomials with characteristic sequence (4, 6, 6 + q) have the same Bernstein polynomial (this is the original Yano's family). Next if a polynomial has characteristic sequence (8, 10, 10 + q) then we compute its Bernstein polynomial up to six roots (note that the Milnor number equals 63 + q) and we have explicit formulae to decide the remaining roots. And finally, for the last example, we find differences on the Tjurina and Bernstein stratifications.
Two variable integrals and Bernstein polynomial
Let us recall and collect some definitions, results and consequences from [1] .
We denote the following complex variable integral by (1) It is absolutely convergent for ℜ(s) > α 0 , where
2) It has a meromorphic continuation on C with poles of order at most 2 contained in S = −
Proposition 1.4 (Proposition 1.6 [1] ). With the hypotheses of Proposition 1.2, let ν 1 ∈ Z ≥0 be fixed and such that α = −
for all ν 2 ∈ Z ≥0 , then the pole of Y(s) at α is simple and
Note that, under the hypotheses of the above Proposition, G hν 1 ,α,x (a 2 s + b 2 ) admits an integral expression which is absolutely convergent and holomorphic for
, see the proof in [1] of the above Proposition 1.2 .
We collect next a result which relates these integrals with the beta function B(s 1 , s 2 ). Lemma 1.5 (Lemma 1.8 [1] ). Let p ∈ N and c ∈ R >0 . Given s 1 , s 2 ∈ C such that −α = s 1 + s 2 > 0 then
where B is the beta function.
Our goal in this article is to show that one can compute the rational numbers that are roots of the Bernstein polynomial for any function having characteristic sequence CS n 2 ,q n 1 ,m satisfying (5). To do this we follow the same methods and ideas as the one used by Pi. Cassou-Noguès in [5, 4, 6, 7, 1] . To prove that a rational number is a root of the Bernstein polynomial of some function f , we prove that such a number is pole of some integral whose residue is a transcendental number.
To use the method one needs to start with a real polynomial f ∈ R[x, y] whose complex analytic germ at the origin has CS n 2 ,q n 1 ,m as characteristic sequence. Definition 1.6. A polynomial f ∈ R[x, y] is said to be of type (n 1 n 2 , mn 2 , mn 2 + q)
+ if it satisfies:
where
, where
, whose support is disjoint from the other terms of f , satisfies that the characteristic sequence of f is CS
Proof. Note that the real zero locus of
Since the real zero locus of f = 0 is a deformation of the previous one, then there is η > 0 for which the statement follows.
For β 1 , β 2 ∈ Z ≥1 , and f of type (n 1 n 2 , mn 2 , mn 2 + q) + one defines:
and may have simple poles only for s = −
Next we show the algorithmic description of [1, Section 3] to compute the residue of the corresponding family of poles. Let us see show to compute the residue at the eventual pole α = −
and let f 1 and f 2 be defined bỹ
Thus the residue of α = −
We define now a simplified version of polynomials of type (n 1 n 2 , mn 2 , mn 2 + q)
, whose support is disjoint from the first terms, satisfies that the characteristic sequence of f is CS
Proposition 1.10. For each f as in (1.7) satisfying the conditions (G − 1),
Proof. It is enough to take a suitable truncation of a Puiseux expansion of f (which has no term between the two characteristic terms).
and f of type (n 1 n 2 , mn 2 , mn 2 + q) − s we set:
and its set of poles is contained in the set
The poles have at most order two. The poles may have order two at the values contained in P 1 and P 2,i for some i.
We shall give the residues at the eventual simple poles in P 2,i . Letf ,f,f be defined by
Let us denote
In particular,g
Let us defineQ
Thus the integral I − (f, β 1 , β 2 , β 3 )(s) has residue for
Remark 1.12. We may assume ǫ = 1 after a suitable change of variables.
Let us summarize the links between these integrals and the Bernstein polynomial. We are using ideas in [4, 5, 6, 1] . Let us fix notations that may cover both cases. We fix f with the following properties:
Let β 1 , β 2 ∈ Z ≥1 and β 3 ∈ Z ≥0 (equals 0 for the +-case). Let us consider the integral (1.10)
be a polynomial defining an irreducible germ of complex plane curve at the origin which has two Puiseux pairs and its algebraic monodromy has distinct eigenvalues and such that K is an algebraic extension of Q. Let α be a pole of I ± (f, β 1 , β 2 , β 3 )(s) with transcendental residue, and such that α + 1 is not a pole of
Determination of the set of common roots of the µ-constant stratum
Let f be an irreducible germ of plane curve whose characteristic sequence is CS n 2 ,q n 1 ,m satisfying (5). The Bernstein-Sato polynomial of a germ f with this characteristic sequence, depends on f , but there is a generic Bernstein polynomial b µ,gen (s): for every µ-constant deformation of such an f , there is a Zariski dense open set U on which the Bernstein-Sato polynomial of any germ in U equals b µ,gen (s).
Proposition 2.1 ([27, Corollary 21])
. Let f t (x) be a µ-constant analytic deformation of an isolated hypersurface singularity f 0 (x). If all eigenvalues of the monodromy are pairwise different, then all roots of the reduced Bernstein-Sato polynomialb ft (s) depend lower semi-continously upon the parameter t. [10] ). Let f (x) be a germ of an isolated hypersurface singularity. Then for each spectral number α ∈ Spec(f ) such that α < α 1 + 1, then −α is root of the Bernstein polynomial b f (s).
Consequently, for a µ-constant analytic deformation f t (x) of an isolated hypersurface singularity germ f 0 (x), for every α in E := {α : α ∈ Spec(f ) and α < α 1 + 1} then −α is root of every Bernstein polynomial b ft (s) for every t.
Remark 2.3. Note that we follow Saito's convention for the exponents and the spectral numbers, which differs by 1 from the convention in [11] .
The following Corollary is a consequence of Proposition 2.1.
Corollary 2.4. Let f 0 (x, y) be an irreducible germ of plane curve whose monodromy has distinct eigenvalues. Let −α be a root of the local Bernstein-Sato polynomial b f 0 (s). Then, either −α or −(α + 1) is a root of b µ,gen (s).
Let S µ be the (non-singular) µ-constant stratum of f at 0. Let R f be the set of the roots of b f (−s). For every g ∈ S µ and since g has isolated singularities then [10] .
Since the spectral numbers are constant in a µ-constant deformation then, in the image of the map
there are finitely many polynomials.
The aim of this section is to describe the set of common roots of the Bernstein polynomials of the µ-constant stratum, that is, the set
By Proposition (2.2) the set E ⊂ CR µ .
In [1] , we proved that the set of roots of the Bernstein polynomial b µ,gen (−s) is B 1 ∪ B 2 . We split these sets B 1 and B 2 using (9) and (10) and we set
The aim of this part is to prove Theorem 2.5. Let CR µ be the set of common roots of the Bernstein polynomials of every irreducible germ of plane curve whose characteristic sequence is CS
We divide the proof in three parts.
Proof. Let α ∈ B 11 ∪ B 21 ⊂ B 1 ∪ B 2 and let f be a fixed germ in S µ . As −α is a root of the generic Bernstein polynomial, if −α is not a root of the Bernstein polynomial of f , then −(α + 1) is by Corollary 2.4. Then −α − 1 > −2 and α < 1.
In particular, if α > 1 then α is a root for any germ. We need only to study In the resolution of f we have two branching divisors that we denote by
If the following conditions hold:
is a root of the Bernstein polynomial of f . We have the relation
It is easily checked that
and
all positive integers. We also have
Let us check the conditions for α =
. Only the non-integer condition must be checked. We have:
Finally we check the conditions for α =
. Let us check the non-integer condition. We have:
None of the above numbers is an integer.
Proposition 2.7. For all β ∈ B 12 , there exits f β with characteristic sequence (n 1 n 2 , mn 2 , mn 2 + q) such that −β is not a root of the Bernstein polynomial of f β .
Proof. Let β ∈ B 12 , i.e. there exists k ≥ 1 such that β =
and k is not in the semigroup Γ 1 generated by m, n 1 . Then β + 1 =
. Since the conductor of Γ 1 is mn 1 − m − n 1 , then n 1 + m + n 1 mm 2 + k ∈ Γ 1 and there exist β 1 and β 2 such that 1 + β = 
Assume that Claim 2.8 has been proved (see the Appendix A). For such an f , −β − 1 is a root of the Bernstein polynomial of f . Since the hypotheses of Theorem 1.13 hold (see also
and k / ∈ Γ, where Γ is the semigroup generated by mn 2 , n 1 n 2 and mn 1 n 2 + q; its conductor is
In particular, n 2 (mn 1 n 2 + q) + k ∈ Γ and there exist β 1 , β 2 , β 3 such that
As a consequence, for any f of type (n 1 n 2 , mn 2 , mn 2 + q) − , we have that
Claim 2.10. There exists f of type (n 1 n 2 , mn 2 , mn 2 + q) − such that
Assuming this Claim (to be proved in the Appendix A), the result follows the arguments of the end of the proof of Proposition 2.7.
Bounds for dimH
Proposition 3.1. Let f be an irreducible germ of plane curve whose characteristic sequence is CS n 2 ,q n 1 ,m satisfying (5). Define the integersq and h by m =qn 1 +r m , 0 < r m < n 1 , q = hn 2 + r q , 0 ≤ h, 0 < r q < n 2 . Then
and generically dimH
Proof. One can compute the dimension dimH We start by adding the spectral numbers (8) . Using the symmetry of the spectral numbers, i.e. α i + α µ−(i−1) = 2, for each characteristic pair, k = 1, 2, one has:
Using Saito's result [23] ,
.
Next we compute the sum of the roots of b µ,gen (−s) which is the same as the sum of the elements of B 1 ∪ B 2 . Let us start with (3.1) B 1 := σ = m + n 1 + k mn 1 n 2 : 0 ≤ k < mn 1 n 2 , and n 2 mσ, n 2 n 1 σ / ∈ Z .
Since gcd(n 1 , m) = 1 and define N 1 := mn 1 n 2 and for the first characteristic exponent one has
the first summand is
For the second summand, we look for 0 ≤ k < mn 1 n 2 such that if m+ n 1 + k = ms for some s ∈ Z. The minimum of such s is m+n 1 m = 2, while the maximum is
Hence, the second term is
For the third term, we proceed in the same way; the extremities are
the third term is
For the fourth term the extremities are
the fourth term is
As a consequence,
we decompose β i ∈B 2 β i again in four terms. For the first one, we have
For the next terms we proceed as in the case of the first exponent. The limits of the second term are:
the second term is
The limits of the third term are:
Finally, the limits for the fourth term are (m + n 1 )n 2 + q n 2 (mn 1 n 2 + q) = 1,
the fourth term is 1. Then,
Recall that
The sum of the exponents is µ 2 + (m + n 1 )n 2 + q −q − h − 4 while the sum of the spectral numbers is µ. Then, its difference is µ 2 − (m + n 1 )n 2 − q +q + h + 4 as stated. is obtained:
Proof. We are going to count some spectral numbers α ∈ A
. This number is a lower bound for dimH
< 1, r < n 2 . Assume that r < n 2 − 1:
since the numerator is in Γ. Hence, we have found at least (n 2 − 1)
A necessary (and by the way sufficient condition) for α − 1 ∈ B 21 is the existence of β 1 , β 2 ∈ Z ≥1 such that mn 1 − j = mβ 1 + n 1 β 2 . We found another set of (n 2 − 1) 12 + q + 2j 2(12 + q)
it is not hard to see that
, . . . , 34 + 3q 2(12 + q)
is a gap-free arithmetic sequence with step 1 12+q
. The set of spectral numbers α such that α − 1 ≥ 5/12 is
Recall that we cannot ensure for these spectral numbers to be exponents. We also have
Note also that 7 12 and 10+q 2(12+q) are the only b-exponents which are not spectral numbers.
As a consequence, we derive the following result. Note that the bounds of Propositions 3.1 and 3.2 are equal for any f . From Hertling-Stahlke bound of Remark 3.3 we get that τ ≥ µ − 2. The value of τ equals 12 + 2q and it is constant in the whole stratum, see [17] . Example 4.3. We consider the case of characteristic sequence (6, 9, 9 + q) with q = 1 + 3k, k ∈ N. In this case n 1 = 2, m = 3 and n 2 = 3. We have 
where t is chosen such that such that f t is of type (6, 9, 10 + 3k)
∈ B 2 and in (4.1), i.e.
3(3β 1 + 2β 2 ) + 3k + 2 3(19 + 3k) = 17 + 3k + 3j 3(19 + 3k) ⇔ 3β 1 + 2β 2 = 5 + j.
Since we need β 1 , β 2 ≥ 1, all the cases are included but j = 1. We are going to prove −β is a root of f t if t = 0, and as a consequence, for t = 0 we have dimH
We have
If t is algebraic (and t = 0), the above residue is transcendental. Hence, we deduce that these values are roots of the Bernstein polynomial for these values of t. Moreover, since the Bernstein-polynomial stratification is algebraic, we deduce that this is the case for t = 0. Note that in this case, for k = 0, and for random values of t, the Tjurina number equals 40, while for t = 0, the value is 41. Hence the Tjurina number is not constant in the µ-constant stratum.
Example 4.4. Consider the characteristic sequence (8, 10, 10 + q), where (q, 2) = 1, (q, 5) = 1. In this case n 1 = 4, m = 5 and n 2 = 2. We have
Note that 
With this data
, where B 12 = { 11 40
}, and
To get the Bernstein polynomial for any function with characteristic sequence (8, 10, 10 + q), we only have to check for the 6 elements of B 12 ∪ B 22 if they are roots (recall that the Milnor number is 63 + q). Let us study the generic b-exponents which are not spectral numbers: 
We get 12 ≤ dimH 
We assume that f ± has type (8, 10, 10 + q) . We know that I(f + , 3, 9)(s) has a pole for s = −β with transcendental residue. Combining the two facts, by Theorem 1.13, − is not. Since f + (x, y) = f − (−x, −y), we deduce the same property for f − .
It remains to study the cases in B 22 , i.e., the set Let us compute the polynomials appearing in the different steps of the process:
where yH n (y) = (1 − (1 − y) n ), H n (0) = n. From these data it is easy to check that
With the same ideas It becomes obvious that all the residues vanish for k = 2, 4, 6, 12. The residue also vanishes for k = 14 and (β 1 , β 2 ) = (2, 1), (1, 2) . Let us study the case k = 14, i.e., β = 39 94
, with (β 1 , β 2 ) = (1, 1). Note that for β 2 = 1,
Hence,
Res
s=−β
We find the values of h 1 (k, −β, x) and h 2 (k, −β, y) in (4.2) and (4.3). We can prove that the pole at s = −β of I − (f, 1, 1)(s) is a polynomial of degree 1 in t and hence there is a value of t for which the residue vanishes. Moreover . This can be confirmed using checkRoot of [14] in Singular [9] , inside [26] . Moreover, it can be proved that for general t (including ) the Tjurina number equals the expected value for Hertling-Stahlke bound, i.e., 58; using [17] the values of Tjurina number are constant in these µ-constant strata, namely they equal 51 + q. In particular, Bernstein and Tjurina stratifications do not coincide.
We want to fix our attention on the couples (β 1 , β 2 ) ∈ Z 2 ≥1 such that β 1 m + β 2 n 1 ≤ m + n 1 + k. There is a finite number of such couples which will be characterized in the following paragraphs.
Since k / ∈ Γ 1 , and from its properties, we know that k ≤ mn 1 − m − n 1 . We write
Moreover the pair of positive integers (i 0 , j 0 ) is unique. Let us assume the existence of another solution (i 1 , j 1 ), such that i 1 > i 0 ; then i 1 = i 0 + n 1 v, v ∈ Z >0 , i.e., i 1 > n 1 , leading to a contradiction. We are going to prove also that β 1 ≤ i 0 and β 2 ≤ j 0 . Let us assume that β 1 > i 0 . Then
which is a contradiction. We are going to enumerate these couples (β 1 , β 2 ).
Let us define ℓ ij := mi + n 1 j − n 1 m and consider
For each p we can write
note that β 1r = β 2r = 1 and 1 ≤ β 1p ≤ i 0 , 1 ≤ β 2p ≤ j 0 . It is easy to prove that
These r pairs are exactly the ones for which we need to prove the statement. Define
with ma + n 1 b = q + mn 1 n 2 and t = (t 1 , . . . , t r ) ∈ R r such that f t is of type (n 1 n 2 , mn 2 , mn 2 + q) + . By Proposition 1.8 one has
Let us fix p ∈ {1, . . . , r}. To compute the residue of I + (f t , β 1p , β 2p )(s) at s = −β we apply equation (1.6) and we get
∂x ℓp (0, y) and h
∂y ℓp (x, 0),
We have
and D V ∈ Q. In the same way,
Let us study now the u th x-derivative of f t,1 evaluated at (0, y), i.e., we need to look for the monomials of the type x u y j , for any j. Hence,
for some C K ∈ Q, where δ u q is the Kronecker symbol. A similar formula holds for derivatives with respect to y:
Let us compute the residue ρ p . It is a linear combination with coefficients in Q of terms depending on couples (V, (K w ) w ) where V = (u w ) ∈ P(ℓ p ) and for each w ∈ {1, . . . , |V |},
or the term involved is y n 1 b or x ma , i.e., (A.5) u w = q, k h,w = 0; let r V be the number of terms of this type for V then, the term is obtained as
This is a monomial in t 1 , . . . , t r , namely,
We need to compute the sum of the arguments if the first term is not involved and u w = q if it is; recall also that
We obtain several properties from this equality. In particular
By Lemma 1.5, we have that
As another consequence from (A.8), we have that
Let us prove it. Since gcd(m, n 1 ) = 1, it is enough to show that the product of n 1 and the first denominator is congruent to 0 mod m:
From the properties of the beta function, ρ V,(Kw) is a product of a non-zero rational number and B a polynomial Q p in the t i 's with coefficients in Q; the coefficient of t p does not vanish. The only option to have the monomial t p is when V = (ℓ p ) and K = (ℓ p ), r V = 0 and for these values
Since ℓ 1 is the minimum, Q 1 is a polynomial in t 1 of degree 1. Then we can choose t 1 such that Res s=−β I + (f t , β 11 , β 21 )(s) = 0, since this residue is independent of t p , for p > 1. From now on f t is a polynomial in t 2 , . . . , t r , with t 1 fixed as above. In the same way, we choose t 2 such that Res s=−β I + (f t , β 12 , β 22 )(s) = 0, and recursively we can find t 3 , . . . , t r such that Res s=−β I + (f t , β 1p , β 2p )(s) = 0, for all 1 ≤ p ≤ r and all the t's are in Q. Using Proposition 1.7 it is easy to proof that f t is of type (n 1 n 2 , mn 2 , mn 2 + q) + .
Proof of Claim 2.10. Let (β
is not hard to check that the statement holds trivially for any f of type (n 1 n 2 , mn 2 , mn 2 + q) − .
We are going to characterize the triples not satisfying the above inequality and to find an f β satisfying the conditions of the statement. Let M β = (β 1 ,β 2 , β 3 , ν) ∈ Z 3 ≥0 × Z ≥1 | k = n 2 (mβ 1 + n 1β2 ) + (mn 1 n 2 + q)β 3 + ν .
It is not hard to prove the following properties:
• if (β 1 ,β 2 , β 3 , ν) ∈ M β , then β 3 < n 2 ;
• if moreover (β We denote by N β the set of ν which are the fourth coordinate of some element of M β and we order N β . For ν ∈ N β , chooseβ 1 ,β 2 , β 3 such that (β 1 ,β 2 , β 3 , ν) ∈ M β ; if we denote β i =β i + 1, i = 1, 2, we have: n 2 (m + n 1 ) + k = n 2 (mβ 1 + n 1 β 2 ) + (mn 1 n 2 + q)β 3 + ν.
Note that β 3 is determined by ν; it may not be the case for β 1 , β 2 . Let ℓ ν such that 0 ≤ ℓ ν < n 2 , and a ν , b ν ∈ Z ≥0 such that (mn 1 n 2 + q)ℓ ν + (ma ν + n 1 b ν )n 2 = (mn 1 n 2 + q)n 2 + ν. where h 1 (0) = (mn 1 ) We want to compute Res s=−β I − (f β , β 1 , β 2 , β 3 )(s). For 1 ≤ i ≤ (mn 1 −1)β 3 +n 1 β 2 , set ν i such that β = n 2 (mβ 1 + n 1 β 2 + mn 1 β 3 ) + q(β 3 + i) + ν i n 2 (mn 1 n 2 + q) ;
we dismiss the cases where ν i < 0; note that ν = iq + ν i . The formula for the residue, see (1.9), is: We proceed as in the proof of Claim 2.8: and χ Z is the characteristic function of Z. The terms of the derivatives involved in the computation of the residues are parametrized by V = (ν w ) |V | w=1 ∈ P(ν i ); given V we decompose its set of indices in three parts:
• w ∈ W 1 , which determines h w ∈ C(ν w ), corresponding to a term with coefficient c 3,ν hw ,hw ; • w ∈ W 2 , where ν w ≡ 0 mod q, corresponding to a term with coefficient c Kν w 1 ; • w ∈ W 3 , where ν w ≡ 0 mod q, corresponding to a term with coefficient Kν w +n 2 |W 2 |+β 3 +i) ((mn 1 ) n 2 y n 2 q + 1)
−β−|V |
